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When estimating the phase of a single mode, the quantum Fisher information for a pure probe state is pro-
portional to the photon number variance of the probe state. In this work, we point out particular states that
offer photon number distributions exhibiting a large variance, which would help to improve the local estimation
precision. These theoretical examples are expected to stimulate the community to put more attention to those
states that we found, and to work towards their experimental realization and usage in quantum metrology.
I. INTRODUCTION
Finding an optimal combination of an input state and a mea-
surement setup is one of the key issues in quantum metrology,
by which quantum enhancement can be maximized [1]. On
the one hand, the optimality of a measurement setting is as-
sessed by comparing the Fisher information for a chosen set-
ting with the quantum Fisher information (QFI) that would be
obtained by an optimal setting, given parameter encoding and
a probe state [2, 3]. The optimality of a probe state, on the
other hand, can be addressed by maximizing the QFI given a
parameter encoding [4]. The aforementioned approaches ap-
ply to various parameter estimation problems.
Much attention has been paid on identifying optimal quan-
tum states in a variety of quantum metrological applications.
The attention has been triggered because the key mechanism
leading to quantum enhancement can often be understood as
the non-classicality of the probe state [1, 5, 6]. For example,
in single-mode loss parameter estimation, the photon num-
ber state having no uncertainty in the intensity is known to be
the optimal state, providing the maximal quantum enhance-
ment [7, 8]. In phase parameter estimation, it is known that
the squeezed vacuum state reaches the QFI scaled with N2 [9],
leading to a Heisenberg scaling of N−1 in precision, where N
is the average photon number of the probe state. However,
the squeezed vacuum state is not the theoretical optimal state
that maximizes the QFI in single-mode phase estimation as
we will discuss through this work.
Various fiducial photon number distributions have so far
been considered as candidates to achieve quantum enhance-
ment in single-mode phase estimation. Examples include the
SSW state [10], the SS state [11], Dowling’s model [12], the
small peak model [13, 14]. These states are respectively writ-
ten in the photon number state basis {|n〉} by
|ψSSW〉 = 1N
M∑
n=0
1
n + 1
|n〉 , (1)
|ψSS〉 = 1N
M∑
n=0
1
n + z
|n〉 , (2)
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|ψDowling〉 = 1N
∞∑
n=0
e−n/η
n + z
|n〉 , (3)
|ψSMP〉 =
√
1− a |0〉 + √a |pi〉 , (4)
where theN ’s correspond to normalization factors, z is a pos-
itive constant, η is a smooth cutoff, 0 ≤ a ≤ 1, and |pi〉 is
orthogonal to the vacuum. Different approaches have been
employed to show the advantages of such states in phase esti-
mation.
In this work, we begin with the appreciation that the QFI for
the single-mode phase parameter estimation is proportional to
the photon number variance of the probe state and sets the
lower bound in the precision through the quantum Crame´r-
Rao inequality [15, 16]. This implies that the probe state
with the maximal photon number variance would possibly be
the theoretical optimal state for single-mode phase estimation.
Here, we introduce, while leaving the proof of the achievabil-
ity of the quantum Crame´r-Rao bound to future studies, fidu-
cial quantum states that have the maximum, or at least a larger
photon number variance than that available with the squeezed
vacuum state – the paradigmatic state known to be useful for
quantum phase estimation. We distinguish the scenarios when
the photon number probability distribution is either bounded
or unbounded, i.e., defined within a finite or an infinite do-
main [17]. When considering bounded distributions, we show
that the theoretical optimal state with maximum photon num-
ber variance can indefinitely increase the QFI even for a fixed
average photon number N. When considering unbounded dis-
tributions, we show that one can achieve not only the Heisen-
berg scaling using other quantum states than the squeezed
vacuum state, but also sub-Heisenberg scaling by a particular
photon number statistics without relying on any nonlinear ef-
fects. Here, the sub-Heisenberg scaling manifests in terms of
the average photon number N and might mislead to conclude
that it violates the fundamental Heisenberg limit. More details
on that can be found in the relevant debates, which have been
devoted over the last decade [18–25], followed by the con-
clusive proofs [22, 26–33]. The latter showed that the over-
all scaling, while including the amount of resources required
for obtaining a priori probability distribution of the parame-
ter and the number of measurements required to achieve the
asymptotic bound, is still Heisenberg scaling-limited. Never-
theless, the fiducial photon number distributions we introduce
here would be useful for an operating regime of a parameter
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2that is locally calibrated in advance, so the identification of
minute changes of the parameter is only of interest. That is,
fortunately, often the case, e.g., for plasmonic sensors [34, 35]
or phase tracking [36].
The theoretical states we discuss in this work may not be
experimentally realizable with current technology, but we ex-
pect they will be considered in the future. It requires the devel-
opment of quantum technology geared towards engineering
states with photon number statistics on demand [37–39]. Hav-
ing the ability to prepare such quantum states unlocks their
use for various purposes in quantum applications [40]. There-
fore, the purpose of this work is to trigger experimental efforts
along these lines.
II. PHASE ESTIMATION
For a parameter-encoded pure state |ψφ〉 = eiφGˆ |ψin〉, where
Gˆ denotes a generator encoding a parameter φ, the QFI can
be calculated by H = 4〈(∆Gˆ)2〉 [15, 16], where 〈(∆Oˆ)2〉 =
〈Oˆ2〉−〈Oˆ〉2 for an operator Oˆ and the expectation value is cal-
culated for |ψin〉. The QFI sets the lower bound to the mean-
squared-error of estimate when considering an unbiased esti-
mator, given by the quantum Crame´r-Rao inequality written
as
∆φ ≥ 1√
νH
, (5)
where ∆φ is the root-mean-squared-error, interpreted as the
estimation error or precision, and ν denotes the number of rep-
etitions of measurement. This bound, called quantum Crame´r-
Rao bound, is known to be achievable in the asymptotic limit
ν→∞.
For a single-mode phase parameter encoding, Gˆ = aˆ†aˆ, so
that the QFI is given by
H = 4〈(∆nˆ)2〉 (6)
where nˆ = aˆ†aˆ. This clearly indicates that a probe state
|ψin〉 with a maximum photon number variance leads to the
maximal QFI. The importance of the photon number fluctu-
ation for phase estimation has been addressed [41, 42]. In
consequence, the maximum photon number variance leads to
the greatest quantum enhancement over the standard quantum
limit (SQL), i.e., ∆φ scaled with N−1/2 [43]. Such scaling can
be obtained by using only classical resources [44]. Therefore,
it is of utmost importance to identify quantum states with a
maximum photon number variance.
To set the stage before looking for particular photon num-
ber distributions, let us consider a few of paradigmatic states
that have often been considered for phase estimation. The first
one is a coherent state |α〉 of light, for which Hcoh = 4N,
where the average photon number is N = |α|2 [9]. Hcoh
is regarded as the classical benchmark in single-mode phase
estimation, i.e., the SQL. Another example is a squeezed
vacuum state written as |ξ〉 = ∑n cn |2n〉 where cn =
(−eiθs tanh r)n√(2n)!/
(
2nn!
√
cosh r
)
with the squeezing pa-
rameters r and θs. For the squeezed vacuum state, the QFI
reads as [9]
Hsq = 8(N2 + N), (7)
where the average photon number is given as N = sinh2 r.
It is clear that Hsq exhibits a Heisenberg scaling, which sug-
gests that ∆φ scales with N−1 [see Eq. (5)]. In particular, one
can see that Hsq ≈ 504.89 for state-of-the-art squeezed state
of 15 dB-squeezing as recently reported [45], approximately
corresponding to r ≈ 1.73 (i.e., N ≈ 7.46) while ignoring the
thermal photon contribution for simplicity despite its practical
significance studied in Refs. [3, 46–48].
In the next sections, we look for quantum states with maxi-
mum photon number variance, or at least larger than that of the
squeezed vacuum state, which consequently further increases
the QFI in Eq. (6) as compared to Hsq of Eq. (7). To this
end, we distinguish two types of discrete probability distribu-
tions p(n) for photon number statistics of a single-mode probe
state: a bounded photon number distribution that is defined
within a finite domain n ∈ [m,M] with integers m < M and
an unbounded photon number distribution that is defined in an
infinite domain n ∈ [0,∞).
III. BOUNDED PHOTON NUMBER DISTRIBUTIONS
For the sake of generality, let us consider an arbitrary su-
perposition of photon number states in a range from m to M
photons, written as
|ψb〉 =
M∑
n=m
√
p(n)eiθ(n) |n〉 , (8)
where the photon number distribution p(n) is bounded by the
minimum m and the maximum M, i.e., p(n) = 0 for n < m and
n > M. The phase distribution θ(n) plays an important role in
preparing an optimal measurement setting in practice, which
depends on both θ(n) and φ being estimated. The phases, how-
ever, can be dismissed in this work since we focus on the error
bound given by the QFI. This means that the optimal measure-
ment setting assumed to be chosen accommodates the phases,
leaving only the dependence of p(n) in Eq. (6). One can find
that the variance of such bounded probability distribution p(n)
is upper bounded by Popoviciu’s inequality [49], given as
〈(∆nˆ)2〉 ≤ 1
4
(M − m)2, (9)
where the equality holds when p(m) = p(M) = 1/2. This im-
plies that for the given minimum m and maximum M, a bal-
anced superposition of m and M photons provides the max-
imal QFI according to Eq. (6). The QFI is thus written as
H = 4(M − N)2 with N = (m + M)/2 being the average pho-
ton number. For a fixed N, the maximal QFI is obtained when
m = 0, which is obvious, for which H = 4N2, clearly showing
the Heisenberg scaling, but still smaller than Hsq in Eq. (7).
The bound on ∆φ associated Popoviciu’s inequality indicates
that the Heisenberg scaling is the maximal scaling when the
photon number distribution is bounded.
A stronger inequality than Eq. (9) exists, called the Bhatia-
Davis inequality [50], which is written as
〈(∆nˆ)2〉 ≤ (M − N)(N − m), (10)
where the equality holds when p(n) = 1 − a and p(M) = a
for an arbitrary weight factor of a that determines the average
3photon number N = (1−a)m+aM. When a = 1/2, the Bhatia-
Davis Inequality of Eq. (10) becomes the Popoviciu Inequality
of Eq. (9). The Bhatia-Davis Inequality suggests to consider
an arbitrary superposition state of m and M photons, which
we call the m&M state throughout this work. The m&M state
can be written as
|ψm&M〉 =
√
1− a |m〉 + √a |M〉 . (11)
This leads to the QFI of the form
Hm&M = 4a(1− a)(M − m)2. (12)
It is clear that Hm&M depends on the difference (M − m) and
takes on the maximum when a = 1/2 for given m and M,
the case satisfying the equality of Popoviciu’s inequality. To
compare the QFIs for a fixed N, let us set a = (N−m)/(M−m)
which keeps N unchanged for any m and M, so that Eq. (11)
is rewritten by
|ψm&M〉 =
√
M − N
M − m |m〉 +
√
N − m
M − m |M〉 , (13)
and Eq. (12) becomes
Hm&M = 4(M − N)(N − m). (14)
Note that N is fixed in Eq. (14) regardless of the values of
m and M although Eq. (14) seems directly obtainable from
Eq. (10) where N definitely depends on m and M. It is
interesting to see that in the limit M  N, one obtains
Hm&M ≈ 4M(N − m), which can be arbitrarily increased by
increasing M while keeping N fixed.
Equation (14) indicates that the QFI increases with in-
creasing the maximum M and decreasing the minimum m
for a fixed N. So let us set m = 0, for which the m&M
state of Eq. (13) becomes the 0&M state, i.e., |ψ0&M〉 =√
(M − N)/M |0〉 + √N/M |M〉, for which H0&M = 4N(M −
N). Therefore, the 0&M state is the optimal state and H0&M is
the upper bound for the QFI within the class of the states hav-
ing a bounded photon number distribution. The 0&M state
has been considered as the so-called ON states in the context
of quantum computation [51] and a few schemes for its exper-
imental generation have been proposed [52, 53]. The 0&M
state has already been discussed as the state showing an ar-
bitrarily large QFI in single-mode phase estimation [29, 54],
but here we prove, by using the Bhatia-Davis inequality of
Eq. (10), that the 0&M state is the theoretical optimal state
exhibiting the maximum photon number variance among the
states with bounded photon number distributions.
The 0&M state can be categorized as the small peak model
of Eq. (4). In general, the QFI for the small peak model is
given as HSMP = 4N(Npi−N) + 4(∆npi)2N/Npi, where Npi is the
average photon number of the state |pi〉 and (∆npi)2 denotes its
variance. The small peak model is able to attain an arbitrarily
large QFI by increasing either Npi or (∆npi)2, while keeping
N fixed. The particular case |pi〉 = |ξ〉 has been discussed in
Ref. [14], followed by the review in Ref. [29].
In comparison with Eq. (7), for N = 7.46 considered in
state-of-the-art squeezed vacuum state, one can achieve higher
QFI than Hsq with the 0&M state when M ≥ 25 (correspond-
ing to a . 0.3), resulting in H0&M & 523.39. Figure 1 shows
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FIG. 1. The QFI for the 0&M state, H0&M (red curve), can be
arbitrarily increased with M, in comparison with Hsq (blue curve) for
N = 7.46 as an example. The weight factor a (dashed curve) is set to
keep the average photon number N unchanged while varying M.
the behaviors of H0&M (see red curve) and a = N/M (see
dashed curve) with varying M for N = 7.46. Note that H0&M
in the order of 105 can be theoretically attained by increasing
M even when N is fixed. The 0&M state with such a large
M would not be so easily implemented experimentally with
current technology, but such theoretical optimal state should
not be overlooked when considering future technological de-
velopment that could enable the generation of states with en-
gineered photon number statistics on demand.
IV. UNBOUNDED PHOTON NUMBER DISTRIBUTIONS
When a probability distribution is defined in an infinite do-
main, i.e., unbounded, there exits an infinite number of de-
grees of freedom to characterize types of unbounded probabil-
ity distribution. Therefore, the analysis for unbounded photon
number distributions would not be as simple as the bounded
case. Instead, we investigate here a few special probability
distributions, which lead to intriguing behaviors in single-
mode phase estimation.
A. Heisenberg scaling in the local precision
As mentioned above, the squeezed vacuum state enables the
Heisenberg scaling of N−1 in ∆φ. It is interesting to see that
there exist other types of photon number statistics, leading to
the Heisenberg scaling in phase estimation. Below, let us look
at some of them as examples.
Consider the probe state with the photon number distribu-
tion given as
pG(n) = µ(1− µ)n, (15)
for µ ∈ (0, 1). This is called the geometric distribution and
pG(n) is the probability of n+1 Bernoulli trials required to get
the first success with success probability µ. It possesses the
average photon number of N = (1− µ)/µ and the variance of
〈(∆nˆ)2〉G = N2 + N. (16)
This clearly exhibits the Heisenberg scaling through Eq. (6),
i.e., scaling of N−1 in ∆φ, although a little worse than the case
4using a squeezed vacuum state due to the absence of the factor
of 2.
A generalization of the geometric distribution, called the
negative binomial distribution, can also be considered, written
by
pNB(n) =
(
n + η− 1
n
)
µn(1− µ)η (17)
for µ ∈ (0, 1) and η > 0. In this case, the average photon
number is given by N = µη/(1 − µ) while the variance takes
the form of
〈(∆nˆ)2〉NB = N2 + µη(1− µη)(1− µ)2 . (18)
Note that the second term is positive only when µη < 1, for
which Heisenberg scaling is achieved. When µη > 1, on the
other hand, a worse scaling than the Heisenberg scaling is ob-
tained. It can be shown that the states with pNB(n) signif-
icantly outperforms the case using a squeezed vacuum state
when µη < 1 and µ ≈ 1.
As another example, consider the probe state with the pho-
ton number distribution given as
pL(n) =
0 for n = 0,−1
ln(1−µ)
µn
n for n ≥ 1,
(19)
for µ ∈ (0, 1). This is called the logarithmic distribu-
tion and has been used to model relative species abun-
dance [55]. It exhibits the average photon number of
N = −µ/(1− µ) ln(1− µ) and the variance of
〈(∆nˆ)2〉L = N2 + −µ[2µ + ln(1− µ)](1− µ)2[ln(1− µ)]2 . (20)
Here, the second term plays an important role in determin-
ing a further improvement when compared to the case using
a squeezed vacuum state. The second term is negative when
µ < µc. It crosses zero to be positive at µ = µc, and increases
to diverge when increasing µ further, where µc ≈ 0.7968 is
the solution of 2µ + ln[1 − µ] = 0. One can see that the cor-
responding QFI is less than Hsq for µ  1 (i.e., N  1), but
outperforms Hsq when µ ≈ 1 (i.e., N  1).
B. Sub-Heisenberg scaling in the local precision
The Heisenberg scaling of N−1 in ∆φ is considered as the
ultimate scaling in quantum parameter estimation, often called
the Heisenberg limit. It has been shown that sub-Heisenberg
scaling [56] of N−s with s > 1 is achievable through nonlin-
ear effects arising in many-body systems [57–63]. The lat-
ter has been demonstrated with a nonlinear atomic ensem-
ble [64]. Here we show that a similar sub-Heisenberg scaling
can also be achieved by particular photon number statistics of
a single-mode state of light, but requiring neither nonlinear-
ity nor many-body systems. Note that such alluring results do
not indicate that the Heisenberg limit can be beaten, but have
been proved to be still limited by the Heisenberg scaling when
appropriately accounting of all the resources needed to reach
the error bound [22, 26–33].
Consider the state with the photon number distribution
given by
pB(n) =
0 for n = 0,e−µn(µn)n−1
n! for n ≥ 1,
(21)
for µ ∈ [0, 1]. The distribution pB(n) is called Borel distribu-
tion [65, 66], being observed in branching process and queue-
ing theory [67, 68]. The distribution of Eq. (21) exhibits the
average photon number of N = 1/(1− µ) and the variance of
〈(∆nˆ)2〉B = µ/(1− µ)3 = N2(N − 1), (22)
obviously leading to the QFI of HB = 4N2(N− 1). Therefore,
the probe state engineered with photon number distribution of
pB(n) promises sub-Heisenberg scaling of N−3/2 in ∆φ, being
dominant in the limit N  1, i.e., when µ ≈ 1. Again, note
that it has been proven that sub-Heisenberg strategies are not
so effective [27], but would provide rather insignificant im-
provement when taking into account a priori knowledge about
the parameter φ.
C. Indefinite scaling in the local precision
Unlike the bounded probability distribution, there is no up-
per bound to the variance of the unbounded probability dis-
tribution. In other words, some probability distribution may
have a diverging or even an infinite variance, arising from the
feature of heavier tails than the exponential distribution [69].
One can consider distributions such as the Riemann-Zeta dis-
tribution, the Beta negative binomial, or the Yule-Simon dis-
tribution, all of which exhibits a diverging or an infinite vari-
ance of the photon number. Particularly, the Riemann Zeta
distribution has already been considered as an interesting ex-
ample showing an infinite QFI in two-mode schemes [70].
These examples seem to provide the completely precise es-
timation, but it turned out that it is not the case (see more
detailed discussion in Ref. [29]).
V. CONCLUSION
We have identified particular fiducial photon number distri-
butions of a single-mode probe state, which maximize the QFI
and would possibly be useful for the local phase estimation.
Considering the case that the photon number distribution is
bounded, we have provided the proof that the theoretical op-
timal state is the 0&M state, indefinitely increasing the QFI
and consequently reducing the local estimation error of ∆φ in
the asymptotic limit of the number of measurements ν → ∞.
For the case that the photon number distribution is unbounded,
on the other hand, we have discussed several particular pho-
ton number statistics which show Heisenberg scaling and sub-
Heisenberg scaling without requiring nonlinear effects. The
states discussed in this work may not be immediately exper-
imentally realizable with current technology, but those states
should not be overlooked in case future technology enables
engineering of the photon number statistics on demand. In the
scenario when a priori probability distribution of the param-
eter is unknown and the number of measurements is limited,
5those states may not be useful since they are still Heisenberg-
scaling limited with Ntot = Nν, the total average number of
photons being used. It has been shown that the strong Heisen-
berg limit written as ∆φs ∝ 1/Ntot [1, 26–32, 71, 72] can never
be beaten [10, 11, 13, 14, 23–25, 70, 73–79]. However, when
estimating the parameter in a local regime, the states we dis-
cussed would be able to provide the sub-Heisenberg scaling
in principle. Furthermore, Luis recently showed through an-
alytical and numerical examination that the weak Heisenberg
limit [80], written as ∆φw ∝ 1/
√
νN, can be beaten by the
0&M state with the prior information being updated without
bias [54]. More rigorous analysis beyond the framework of
the quantum Crame´r-Rao inequality and the QFI is necessary
to see whether or not the states discussed in this work can beat
at least the weak Heisenberg limit for practical purposes. We
leave similar investigation for unbounded photon number dis-
tributions as a future study. It would also be interesting to in-
vestigate other kinds of single-mode parameter estimation or
multi-mode schemes. Particularly, in the Mach-Zehnder in-
terferometer, useful states within the class of path-symmetric
states have been discussed in terms of the QFI in Ref. [81].
One can generalize it to an arbitrary two-mode setting for full
generality.
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